
AIAA JOURNAL
Vol. 33, No. 6, June 1995

New Approximation for Steady-State Response of
General Damped Systems
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A new approximation for steady-state dynamic displacements, which captures the nonlinearities associated with
resonance, is presented. This approximation is based on modal analysis and is valid for general damped structures,
which include the case of actively controlled structures. Intermediate design variable and intermediate response
quantity concepts are used to enhance the accuracy of the approximations. When these high-quality approximations
are used within the context of the approximation concepts approach, the overall efficiency of the design synthesis
process is improved by reducing the number of complete analyses required for convergence. Numerical results
that illustrate the effectiveness of the method are presented.

Introduction

W HEN using the approximation concepts approach to struc-
tural synthesis, the number of design cycles needed for

convergence is strongly dependent on the accuracy of the approxi-
mations used for the constrained structural responses. It is therefore
desirable to use approximations that can accurately capture the non-
linear relationships between the structural responses and the actual
design variables.

In the early stages of the development of the approximation con-
cepts approach, approximate representations for constraints and
objective functions were generated using first-order Taylor se-
ries expansions in terms of direct or reciprocal sizing type de-
sign variables.1-2 More accurate approximations can be constructed,
however, using approximations of intermediate response quantities,
which were introduced in Ref. 2, in terms of selected intermediate
design variables. The intermediate response quantity idea has been
applied to static stress constraints,3 frequency constraints,4 steady-
state undamped harmonic displacements,5 control force constraints,
complex eigenvalues,6 and transient dynamic displacements.7

In this approach, simple approximations (e.g., linear, reciprocal,
and hybrid) of intermediate response quantities (e.g., forces in the
case of stress constraints and modal energies in the case of frequency
constraints) in terms of selected intermediate design variables can
be used while retaining the explicit nonlinear dependence of the
constraints on the intermediate response quantities and the explicit
relation between the intermediate design variables and the actual
design variables.

Mathematically a constraint can be written as

where / ? / , / € / , denotes the intermediate response quantities;
X j , j e J , denotes the intermediate design variables; and yk, k =
1,..., NDV, are the actual design variables.

The following assumptions are made:
1) The term g is explicit in Rt, jc/, and yk.
2) The various /?,-(*),•/ € /, are implicit functions of*/, j e J.
3) The various Xj(y), j € .J, are explicit functions of the actual

design variables yk, k = 1,..., NDV.

The approximations are constructed using Taylor series expan-
sions of Rt in terms of Xj. For example, if a linear series is used,
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-XJQ) (2)

Substituting these approximations into Eq. (1), the approximation
for g is then given by

(3)

In the case of frequency response of damped structures, small
changes in the design variables can lead to large changes in the
dynamic response. This effect is particularly important near the res-
onance condition. In this paper, an approximation for the frequency
response of general damped structures, which captures the nonlin-
earities associated with resonance, is introduced. This approxima-
tion is based on modal, rather than direct, solution of the frequency
response and makes extensive use of the concepts of intermediate
response quantities and intermediate design variables.

Dynamic Response
The general matrix equation of motion for a damped structure is

given by

= [p] (4)

where [M] is the mass matrix, [C] is the viscous damping matrix,
[K] is the stiffness matrix, and [K$] represents the structural damp-
ing in the system. The matrices [C] and [K] will be considered
nonsymmetric to include the case of actively controlled structures,
{p} is the vector of applied loads, and {u} is the vector of dynamic
displacements.

Modal Analysis
Defining the state-space variables as

' - { * }\u\ (5)

Eq. (4) leads to the equations of motion in first-order form, namely,

[M*](q] + [K*][q] = {P} (6)
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(7a)

(7b)

and

tn = ( {° })M
Let {0}r and (x}r denote the right and left complex eigenvectors

(in the state space) associated with the right and left eigenproblems,
respectively, i.e.,

(MM*] + [/n){0}r = {0}

{*tf(Ar[An + [**]) = {0}r r = 1, . . . , 2n

(8a)

(8b)

Clearly, for symmetric matrices {0}r = (x}r, r = 1,..., 2n. In the
previous equations n denotes the number of degrees of freedom of
the system.

These eigenvectors can be partitioned into velocity and position
components as

The velocity and position components are related such that6

(Xv)r =MXp)r

The eigenvectors are normalized such that

{<t>P}T
r[M}{<t>p}r = 1

{X}*lM*]{<l>}l=&rl

The complex eigenvalues Xr appear in pairs of the form

The following particular cases are of interest.
Undamped case—[C] = [0] and [Ks] = [0]:

A,*1* = icor

^2) = -iO)r

(10b)

(Ha)

(lib)

(12a)

(12b)

(13a)

(13b)

where cor is the rth natural frequency of the system.
Only viscous damping—[£$] = [0]:
In this case the complex eigenvalues appear in complex conjugate

pairs, i.e.,

a,m = a?

Only structural damping—[C] = [0]:

(14)

(15)

i.e., the pairs of eigenvalues are the negatives of each other.
In this paper a modal solution of the dynamic response problem

will be used. In the modal solution approach it is assumed that the

dynamic response can be represented by a truncated linear combi-
nation of complex mode shapes:

(16)

where N denotes the number of retained modes. The modes are or-
dered in ascending order of the damped frequencies, and the number
N is determined depending on the forcing frequency.

Substituting Eq. (16) in Eq. (6) and premultiplying by (x }J leads
to

where

(17)

(18a)

(18b)

and where from the definitions of T* and U* and Eq. (8a) premul-
tiplied by (xl^ it is easily seen that

and therefore Eq. (17) can be written as

(19)

(20)

Using the definitions of T* and U* given by Eqs. (18) and the
relation between velocity and position parts of the eigenvectors [see
Eqs. (10)], the following identities are obtained:

T* = 2XrTr + Sr (21a)

U? = -k*Tr + Ur (21b)

where Tr, Ur, and Sr are the modal energies (introduced in Ref. 6)
given by

Tr =

Ur = + i[Ks]){<f>p}r

and

Also using the definition for P given in Eq. (7c),

(22a)

(22b)

(22c)

(23)

Introducing Eqs. (21a) and (23) in to Eq. (20), the differential equa-
tions for the modal participation coefficients are then given by

= l , . . . , 2 f l (24)• /rv/ r"r'ir\'/ /•». rr, > Q
LA.rLr -\~ Or

For the steady-state case, the applied load can be written as

{p} = {po}el™ (25)

The solution of the system of equations given by Eq. (24) has the
form

r}r(t) = Areint (26)

where Ar denotes the amplitude for the participation coefficient rjr.
Substituting Eqs. (25) and (26) into Eq. (24) gives

(27)
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Furthermore, the steady-state dynamic displacements are given by

{u(t)} = {uQ}eint (28)

and the complex vector of amplitudes is given by

{Mr (29)

Undamped Case
If there is no damping in the system, considering the eigenvalue

pairs as in Eq. (13), the dynamic response is given by

N r
E (i'Q + ifi>r)——————————
r=i I v^2 "~ ^)(2icorTr

x {0r}r{A)}Wv}

which can be written as

{<t>r}T(po}

(30)

(31)

This relation was obtained in Ref. 5. In this reference it was shown
that for the case of undamped dynamic response a high-quality ap-
proximation could be generated by approximating the modal ener-
gies in Taylor series and then approximating the natural frequencies
using a Rayleigh quotient approximation.

The linear Taylor series approximation with respect to the design
variables jc/ is given by

f T + V97V* rTr = Tro+^———(Xi-Xit

NDV

(32a)

(32b)

The partial derivatives used in the approximation are evaluated as-
suming that the mode shapes are invariant, i.e.,

dur

(33a)

(33b)

The Rayleigh quotient approximation for the natural frequency is
then given by

(34)

from where the approximate displacement amplitude is given by

(35)
f,&-

Note that in Eq. (35) the natural mode shapes are assumed invari-
ant, i.e., they are not approximated. The Rayleigh quotient, which
appears in the denominator of Eq. (35), provides a high-quality ap-
proximation for the natural frequencies.4 Thus, Eq. (35) captures the
highly nonlinear behavior of the structural response near resonance,
since if any of the retained structural frequencies is near the forcing
frequency, the associated participation coefficient will be quite large
if the normal mode shape is not orthogonal to the load vector.

Damped Response
The basic concepts introduced in Ref. 5 for the undamped case

can be extended in a straightforward manner for the general damped
case. For this case, the position parts of the right and left eigenvectors
are assumed to be invariant. From this basic assumption a high-
quality approximation for the complex eigenvalues can be generated
by looking at the second-order eigenproblem (see Ref. 6),

The complex modal energies Tr, 5r, and Ur are approximated in
Taylor series, and the approximate eigenvalues (Ar j are obtained
from

The partial derivatives used in the approximation of Tr, Sr, and Ur
are evaluated assuming that the position parts of the eigenvectors
are invariant, i.e.,

,

Replacing the approximations for Tr, 5r, and Ur into Eq. (29), the
approximate complex dynamic response is then given by

2N

(39)

Note that this approximation reduces to the expression given in
Eq. (31) when the system is undamped.

The error associated with this approximation comes from two
assumptions. The first is that the displacements can be represented
by a truncated set of modes (N). This is the error associated with the
analysis and can be controlled by choosing a satisfactory value for
N. The other assumption is that the position parts of the complex
mode shapes are invariant with changes in the design variables.
This error can be controlled by introducing appropriate move limits
(ML) on the design variables at each design cycle. In the numerical
examples of this paper it is shown that 70% move limits are not
unreasonable.

Direct Solution or Full-Order Solution
In this section the direct solution of Eq. (4) will be reviewed

to compare it with the approximations based on modal analysis
introduced previously.

For the case of steady-state response, the solution to Eq. (4) is
given by

{«(*)} = (40)

Replacing this expression in Eq. (4) gives a system of equations for
the complex amplitude {woK

(41)

where {/?o} is the amplitude of the harmonic forcing function [see
Eq.(25)].

Separating real and imaginary parts in {UQ} as

= {UQ}R +/{MO}/ (42)

The complex system of equations given by Eq. (41) can be trans-
formed into a real system of equations of dimension 2n. In fact,
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Loading

introducing Eq. (42) into Eq. (41) and separating real and imagi-
nary parts give

Table 1 Initial complex eigenvalues, for antenna structure

[K] -

[Ks] -

[Ks]) 1 f

[K]) \ [

(43)

This system can be solved for {«o}# and {wo}/- These amplitudes
are then approximated as direct, reciprocal, or hybrid8 functions of
the intermediate design variables or the actual design variables, so
that

(44)

The approximations given by Eq. (44) have two drawbacks. The first
is that they are based on the direct solution of Eq. (4) [i.e., solution
of Eq. (43)], which is very expensive for large problems. The sec-
ond drawback is that they are poor approximations for the response
whenever the loading frequency Q is near a natural frequency of
the structure because of the strong nonlinear effects of resonance,
which cannot be captured by the approximations given by Eq. (44).

In the numerical examples, approximations based on the full-
order solution will be used for comparison purposes to evaluate the
accuracy of the new approximations based on the modal analysis
presented in this paper.

Numerical Examples
The following examples show the effect of the proposed modal

approximation in an optimization context. For the computational im-
plementation, the approximate optimization problems were solved
using DOT.9 The convergence criterion for the example problems is
the same one used in Ref. 6, i.e., the change in objective function is
less than or equal to 0.1% for three consecutive iterations.

Problem 1—Antenna Structure
The first example involves the antenna structure shown in Fig. 1.

The structure consists of eight aluminum beams (E = 7.1 x 106

N/cm2, p = 2.77 x 10~3 kg/cm2, and v = 0.325) that have thin-
walled hollow box beam cross sections (see Fig. 1). The structure
is constrained to move vertically (y direction) only, and so each
nodal point has 3 degrees of freedom (DOF) (y translation, and
rotation about the x and z axes), resulting in the total of 18 DOF.
Two dampers in the y direction are attached to nodes 5 and 7.

Structural elements are linked to produce a symmetric structure
with respect to the x-y plane. Each beam element has two design
variables (th and tb, see Fig. 1) with initial design th = tb == 5 cm,
and side constraints are 0.5 cm < th, and tb < 10 cm. The damping
coefficients, which are also design variables, are also linked with an
initial value of c — \N> s/cm and side constraints such as c > 0 to
preclude the possibility of unstable designs.

The structure is loaded at node 3 as shown in Fig. 1. Note that
the loading will excite both bending and torsion in the structure.

Mode Damping ratio,a % Damped frequency, Hz

1
2
3
4
5

2.48
1.87
1.10
1.05
1.14

0.428
1.103
3.537
8.114
9.003

aDamping ratio: £ = — o

Table 2 Final designs: Modal approximation for antenna
structure—case 1

Design element

1

2

3

4

5

Dampers
Weight, Ib
Number of

analyses

Design variable

th
tb
th
tb
th
tb
th
tb
th
tb
c

30

0.81
1.05
0.67
0.62
0.50
0.50
8.38
8.16
0.50
0.50
3.42
2141

13

Move limit,
50

0.82
1.03
0.71
0.66
0.50
0.50
8.43
8.12
0.50
0.50
3.41
2144

13

,%
70

0.79
1.05
0.94
0.87
0.50
0.50
8.31
8.04
0.50
0.50
3.41
2162

9

The steady-state dynamic displacements at nodes 5 and 7 in the y
direction are constrained to be less than 1 cm and the force in the
dampers to be less than 15 N.

Case 1: SI = 0.7Hz
In this first case the forcing frequency is chosen away from the

resonance peaks (see Table 1). The iteration histories are plotted in
Figs. 2 and 3 for both modal and full-order approximations for 30,
50, and 70% design variable move limits. The final designs are given
in Tables 2 and 3. For all three move limits, both approximations
converge to final designs within a range of 3% difference between
final objective function values. From Figs. 2 and 3 it is observed
that the modal approximation gives a much faster convergence, es-
pecially when 70% move limits are used. For all final designs the
displacement constraints on nodes 5 and 7 and the force constraints
for both dampers become critical.

Case 2: £1 = 0.5 Hz
In this second case the forcing frequency is very near the first

damped frequency of the initial design (cod - 0.43 Hz). The iteration
histories are plotted in Figs. 4 and 5 for both modal and full-order
approximations for 30,50, and 70% design variable move limits. In
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Table 3 Final designs: full-order approximation for antenna
structure—case 1

Move limit, %
Design element
1

2

3

4

5

Dampers
Weight, Ib
Number of

analyses

Design variable

th
tb
th
tb
th
tb
th
tb
th
tb
c

30

0.82
1.05
0.50
0.50
0.50
0.50
8.40
8.05
0.50
0.50
3.41
2118

18

50

0.83
1.05
0.50
0.50
0.50
0.50
8.58
8.07
0.50
0.50
3.41
2129

18

70

0.50
0.50
0.50
0.50
0.50
0.50
9.99
8.55
0.50
0.50
3.41
2097

25

Table 4 Final designs: modal approximation for antenna
structure—case 2

Move limit, %
Design element

1

2

3

4

5

Dampers
Weight, Ib
Number of

analyses

Design variable

th
tb
th
tb
th
tb
th
tb
th
tb
c

30

0.54
0.50
10.0
10.0
7.09
6.73
10.0
10.0
10.0
10.0
4.76

5681

10

50

0.50
0.50
10.0
10.0
7.15
6.75
10.0
10.0
10.0
10.0
4.77

5681

8

70

0.52
0.50
10.0
10.0
7.26
6.72
10.0
10.0
10.0
10.0
4.74

5684

9

5.000 Table 5

2,000- r-
2 3 4 5 6 7 8 9

Analysis Number
10 11 12

Fig. 2 Iteration histories, modal approximation, antenna structure—
case 1.

Final design response ratios for problem 2—grillage
structure

Response ratio
Constraint

Displacement (joint 1)
Displacement (joint 6)
Displacement (joint 19)
Displacement (joint 24)
Stability (mode 1)
Stability (mode 2)
Stability (mode 3)
Stability (mode 4)
Actuator force (joint 8)
Actuator force (joint 11)
Actuator force (joint 14)
Actuator force (joint 17)
Total control force

Ref.6

0.996
0.996
1.000a

1.000a

-4.630
-5.121

0.763
0.959
0.332
0.332
0.463
0.463
1.000a

New results

0.982
0.897
1.000a

0.988
-2.991

0.628
0.600
1.000a

0.321
0.295
0.216
0.220
0.628

aConstraint is critical.

2.000 i——I——i——i——i——i
6 8 10 12 14 16 18 20 22 24

Analysis Number

Fig. 3 Iteration histories, full-order approximation, antenna
structure—case 1.

6.500-

6.000-

| 5.500-

5,000-1'

4,500-
0 1 2 3 4 5 67 8 9

Analysis Number

Fig. 4 Iteration histories, modal approximation, antenna structure—
case 2.

this case the full-order approximation fails to converge and oscil-
lates, not being able to find a feasible design. The modal approxi-
mation converges in the 3 cases in less than 10 analyses. The final
designs for these cases are given in Table 4. The critical constraints
are the dynamic displacements on node 5 and the damper force at
node5.

It is interesting to observe that many of the member design vari-
ables achieve their upper bound, thus, producing a stiffer design,
as compared with case 1, in which the first two modes are highly
damped, leading to frequencies below the forcing frequency (co^ =
0.15Hzandc^2=0.28Hz).

Problem 2—Grillage
This example is taken from Ref. 6 and consists of the design syn-

thesis of the 4 x 6 (72 DOF) controlled grillage structure shown in
Fig. 6. The grillage consists of 10 aluminum frame members (p =
0.1 lb/in.3, E = 10.5 x 106 lb/in.2, and v = 0.3) placed on 2-ft cen-
ters and cantilevered from two fixed supports by 2-ft-long flexible
beams. Each solid rectangular beam is 2.0 in. wide and has an initial
thickness of 0.25 in. The frame element member thicknesses along
with the thickness of the cantilevered supports (elements 39 and 40)
make up 11 structural design variables. The members are oriented
so that the width dimension lies in the plane of the structure. There
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Table 6 Control system final design for problem 2—grillage structure

Table 7

Sensor joint Design variables

8 hp
hv

11 hp
hv

14 hp
hv

17 hp
hv

1 hp
hv

6 hp
hv

19 hp
hv

24 hp
hv

8
-0.002

0.000
—
—
—
—
—
—

-0.003
0.022

-0.003
0.005

-0.002
0.000

-0.002
0.000

Ref.
11
_
—

-0.002
0.000
—
—
—
—

-0.003
0.005

-0.003
-0.022
-0.002

0.000
-0.002

0.000

6
14
_
—

Actuator joint
New results

17 8

— 0.001
— 0.005

11

_
—

14 17
_
—

— — — 0.000 — —
— — — 0.005 — —

-0.009
0.000
—
—
0.005

-0.016
0.006

-0.019
0.005
0.000
0.006
6.000

Structural final design for problem 3— grillage structure

— — — 0.001 —
— — — 0.003 —
0.009 —
0.000 —

—
—

0.006 -0.003 -0.004
-0.019 0.006 0.004

0.005 0.001 0.000
-0.016 0.005 0.005

0.006 -0.004 -0.003
0.000 0.005 0.004
0.005 -0.002 -0.002
0.000 0.002 0.002

Thickness, in.
Beam numbers Ref. 6

1 5
6-10

11-15
16-20
21-23
24-26
27 29
30-32
33-35
36-38
39-40

0.274
0.1003

0.100a

0.197
0.1003

0.132
0.1003

0.100a

0.132
0.1003

0.442

New results

0.323
0.1003

0.1 00a

0.165
0.1003

0.163
0.100a

0.1003

0.154
0.1 OO3

0.367

21

22

23

39

16
19

2
11

13
25

6
7

26
1

25

17
20

27
12

14
28

7
8

29
2 &

1 2 x

18
21

13
15

8
9

x 3

0.001
0.002
0.001
0.003
0.001

-0.001
0.000
0.005

30

31

32

22

16

10

x

0.001
0.003
0.001
0.000
0.001
0.003
0.001
0.002
0.000
0.005

mini

40

19

33
14

34
9

35
4

\ ~\
3At lower bound.

•6.000-

P(t) P(t)
Fig. 6 Grillage structure.

3,500-

Fig. 5 Iteration
structure—case 2.

4 6 8 10 12 14 16 18 20
Analysis Number

histories, full-order approximation, antenna

25

are actuators attached to the structure at joints 8, 11, 14, and 17 that
act in the z direction. The mass of each actuator (0.5 Ibm) is mod-
eled as a fixed nonstructural mass. Sensors, which sense position
and velocity in the z direction, are located at joints 1, 6, 19, and
24, as well as 8, 11, 14, and 17. Each actuator is connected to the
four corner sensors (at joints 1, 6, 19, and 24) and the sensor at the
same joint as the actuator. This results in five sensors per actuator
and a total of 40 gain design variables. The initial gains are hp =
0.0001 lb/in., and hv = 0.0001 Ib-s/in. This problem has 51 design
variables, 2% structural damping is assumed.

The structure is subjected to 5.0 Ib loads at 2 Hz at joints 3 and 4
in the z direction. The amplitudes of the dynamic displacements of
the corner of the grillage (joints 1, 6, 19, and 24) are constrained
to be less than or equal to 2.0 in. The magnitude of each actuator

Fig. 7 Iteration histories, grillage structure.

force is constrained to be less than or equal to 2.0 Ib. The real part of
the complex eigenvalues is constrained to be below —0.05 rad/s for
mode 1, -0.10 rad/s for mode 2, -0.20 rad/s for mode 3, and -0.20
rad/s for mode 4. Finally, the total control force is constrained to be
less than or equal to 3.15 Ib. In this problem, 80% move limits were
used during each design stage.

The iteration history data are plotted in Fig. 7. The final design
response ratios, final design control system variable values, and final
design structural variable values are presented in Tables 5-7. The
final weight using the modal approximations is 30.4 Ib, which is
1.2% higher than the final weight obtained in Ref. 6 (30.03 Ib). But
the convergence is obtained in 12 instead of 17 analyses. It is im-
portant to note that in Ref. 6 high-quality approximations are used
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for the complex eigenvalues, and a full-order approximation using
intermediate design variables is used for the dynamic displacements.

Conclusions
It has been shown that the modal approximation for dynamic

displacements significantly improves convergence characteristics
when applied to problems with frequency response constraints.
Moreover, the modal approximation is quite accurate even when
the design is near resonance and large move limits are used.

In constructing explicit approximations for dynamic response
constraints, the flexibility of intermediate response quantities and in-
termediate design variables has been extensively exploited. It should
be recognized that the choice of the intermediate design variables
depends on the type of structural element used in the design pro-
cess. Herein, the cross-sectional properties A, /i, 72, and J were
employed as the intermediate structural design variables. In this
work the intermediate response quantities £/„, Tn, and Sn (modal
energies) were approximated linearly in terms of the intermediate
design variables, but a hybrid expansion can be used if more con-
servative approximations are required.

Finally, the inherent disjointness of design spaces that occurs,
when constraints are placed on dynamic displacements, observed
in Ref. 10 and explained in Ref. 11, is captured by the modal
approximation. The approximations presented here make it pos-
sible to attack this difficulty by using heuristic methods (e.g., Refs.
12 and 13) or by applying some kind of global optimizer to solve
the approximate problem (e.g., see Ref. 14).
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